This paper introduces an advanced geotechnical numerical modelling approach, which can be used to simulate the gradual deposition and large-strain consolidation of tailings in a multi-dimensional space. The findings from the modelling can be used not only to inform planning and design at mine closure but also help the management of tailings impoundments. For example, the results can be used to determine the settlement of tailings with time and thus inform backfilling planning; or inform on the tailings settlement and thereby assist with the design of an effective drainage network to divert surface water.
Introduction
In order to safely store the vast amount of tailings (mining waste) generated at some mining operations, large tailings impoundments are required. Reclamation of the tailings impoundments must be performed before closure of the mine can be completed. In addition, mine designers are often faced with the problem of predicting the capacity of impoundments for various production schedules and for different stages of mine development. Both tasks require an understanding of the physical and chemical processes of tailings following deposition in the impoundment. In particular, consolidation presents a challenge for the management of tailings. Consolidation will influence the overall capacity of the impoundment. Post-closure settlement and the expression of porewater over time are issues that should be considered during closure planning.
Tailings consolidation relates to the decrease in volume of deposited tailings slurry with time due to the discharge of porewater. High water content coupled with low permeability fine-grained mine tailings can yield large volume reduction and long elapsed time for completion of the consolidation. The consolidation process not only affects stability and storage capacity of tailings impoundment, and beach formation, but also poses the risk of long-term environmental impacts, for example, due to insufficient capacity for treating expressed waste water. Reliable prediction of tailings consolidation is therefore central to the planning and management of the mine throughout its entire life. Optimal mine closure plans can be produced by modelling a variety of mine closure scenarios. For example, different drainage designs (arrangements of wick drains) can be tested numerically to identify the most efficient one. In addition, required capacity of the waste water treatment facility can be predicted from the modelling. Similarly, different rock backfilling schemes can be modelled to find the most cost-effective one while meeting regulation requirements.
To better understand and manage tailings consolidation, many numerical prediction models have been developed and are used extensively by the industry. These models are considered an essential technical tool for designing the operational and post-closure phases of the tailings impoundment to meet with regulatory requirements. Accurate prediction of ground settlement at the surface of the tailings area can help backfilling design. Estimation of the water discharge rate from the consolidating tailings guides the appropriate planning of a water treatment facility.
The objective of this paper is to present an advanced numerical technique to simulate tailings deposition and consolidation in a multi-dimensional space. Benchmark examples have been selected from the literature to validate the modelling approach, followed by a case study to demonstrate the performance and capability of the modelling approach. Distinct from the majority of the currently used modelling approaches, the presented technique is built on commercial software and hence is powerful and highly portable. Its powerful capability includes multi-dimensional simulation, explicit modelling of various flow boundary conditions, pre-fabricated wick drains and a range of backfilling schemes.
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State of the practice in tailings modelling
The behaviour of fine-grained tailings material in an impoundment can be primarily divided into three stages from the point of discharge: (i) flocculation, (ii) sedimentation, and (iii) consolidation (Imai 1981) . This entire process is dominated by the consolidation stage, and therefore in practice, consolidation typically is the only process analysed (Znidarcic 1999) . Tailings materials exhibit large-strain deformations with development of effective stress and deviate from the conventional small-strain assumption in that their properties (especially voids ratio, stiffness and permeability, which govern the consolidation response) continuously change with accumulating deformation. Thus, large-strain consolidation theories have been developed (e.g. Gibson et al. 1967 ) and numerical models, such as those adopted in Townsend & McVay (1990) , have been successfully applied to predict consolidation behaviour of slurry materials including tailings. Governing constitutive relationships include the void ratio-effective stress relationship (e-σ'v, also known as compressibility) and permeability-void ratio relationship (k-e). They are necessary to relate the Informed mine closure by multi-dimensional modelling of tailings deposition and consolidation H Zhou et al.
coupled effects of increasing σ'v on compressibility and permeability to solve the governing equations of large-strain consolidation (e.g. Gibson et al. 1967 ).
To date, many 1D large-strain consolidation computer programs have been developed and are adopted in mining practice for assessing the consolidation settlement of tailing. For complex multi-dimensional problems, several 1D calculations can be joined together to approximate the multi-dimensional problem, which can be called a 'pseudo-3D' approach. This approach is based on the 1D column consolidation models, where the three-dimensionality of an impoundment is approximated as a number of concentric annuli of varying heights and areas or a series of sequential stacked columns (e.g. Gjerapic et al. 2008) . Although most of these programs have been proved to work for 1D problems, the performance of the pseudo-3D approach will vary in modelling real full-scale problems, and very often case-specific calibration is required for the pseudo-3D approach. The disadvantages of the pseudo-3D approach are further magnified for the cases with irregular impoundment geometry, complex (e.g. non-vertical) drainage paths, nonhomogeneous distribution of tailings, etc. There is a need to develop real multi-dimensional modelling approaches in order to capture the features and complexities of common tailing consolidation cases.
NGI multi-dimensional tailings modelling approach
The developed NGI modelling approach is built on commercial specialised geotechnical software, FLAC (Itasca 2016). Due to the complexities of the problem, various extensions have been necessarily made, via the built-in FISH coding language in FLAC. In general, these modifications can be classified into two categories:
• Constitutive modelling, which captures the key features of the tailings' behaviour during large-strain consolidation.
• Modelling procedure, which can simulate gradual deposition of tailings into the impoundment.
These extensions are described in more details in the following sections. In addition, comprehensive outputs are made possible through the FISH coding, which provides valuable information for impoundment design and mine closure planning and management. This will be demonstrated by the example later.
Constitutive modelling of tailings material
The non-linear relationships of e-σ' and k-e, as discussed in Section 2, have been implemented by modifying the built-in Mohr-Coulomb model in FLAC (Itasca 2016). During the analysis, the value of the voids ratio for each element is first updated after every step of calculation according to the computed volumetric strain, followed by an update of the density, stiffness and permeability. Other parameters could also be updated if necessary (e.g. the strength parameters could also be updated with a predefined relationship with voids ratio in order to simulate its changes with consolidation, etc.).
Since the constitutive models in FLAC operate in incremental fashion, the elastic moduli (e.g. bulk and shear modulus) required in FLAC input are tangent moduli, and they are used to relate incremental stresses to incremental strains. This means for a system under load but in equilibrium, changing the elastic moduli will have no effect on the system since the subsequent incremental strains are zero. However, any increase in load, such as additional deposition of tailings, will generate incremental strains, which is governed by the updated elastic moduli (assuming elastic compression).
It is worth noting that the use of incremental algorithm in FLAC is an important feature for the present modelling, which enables the implementation of the non-linear e-σ' relationship.
Modelling of tailings' gradual deposition and consolidation
In order to simulate the gradual deposition of tailings, a staged filling approach has been developed in combination with the built-in large-strain calculation mode of FLAC (Itasca 2016). For ease of explanation, the modelling procedure is schematically depicted in Figure 1 . As shown, each deposition stage (i.e. activation of one new layer above the existing tailings in the impoundment) is followed by a period of consolidation, with the consolidation time being computed according to the expected deposition rate and the initial volume of the activated layer. Depending on the tailings deposition rate relative to its consolidation properties, the thickness of each layer needs to be sufficiently small in order to achieve reliable prediction. If required, deposition of tailings of different properties can be modelled explicitly with this approach since it is built on multi-dimensional software, instead of 1D consolidation theory. This feature has been illustrated in the validation examples, that is, Scenario B and D of Townsend & McVay (1990) in Section 3.3. However, for the example in Section 4, the tailing material has been assumed homogeneous during deposition for ease of interpretation of the results.
Typically, the tailings are assumed to be deposited continuously in the impoundment while maintaining a horizontal surface. This is simulated exactly by the developed staged filling approach. As illustrated in Figure 1 , for the newly activated layer, the top surface is purely horizontal while the bottom is the deformed surface of the existing tailings in the impoundment. This is an important feature for realistic modelling of the tailings gradual deposition and consolidation, since it allows different local deposition rates (i.e. deposition rate per unit area) across the pond. As can be expected, more tailings material will be deposited in the deep part of the impoundment where the tailings settle the most. 
Validation of the NGI modelling approach
Various rigorous verifications and validations have been performed in the course of developing the modelling approach. For example, the gradual deposition modelling has been validated against the analytical solution developed by Gibson (1958) . However, due to space limitations, only the comparison with the predictions presented in Townsend & McVay (1990) are reported in this paper. Note that Townsend & McVay (1990) summarised results of a prediction competition where nine teams of modellers predicted consolidation behaviour of four different waste clay disposal scenarios and the results are commonly used as a benchmark for the evaluation of numerical models of large-strain consolidation.
As shown below, the developed modelling approach achieves excellent results in comparison with predictions made by the participants. In doing so, greater confidence can be gained in applying the model to real complex multi-dimensional continuous deposition and large-strain consolidation problems.
Scenario A
Scenario A of Townsend & McVay (1990) , as sketched in Figure 2 (a), represents a quiescent consolidation of a waste pond that is instantaneously filled with phosphate tailings to an initial height of H = 9.6 m at a uniform initial void ratio, e 0, of 14.8 and a solid content, Si, of 16%. Tailings were assumed to consolidate only under self-weight with drainage along the upper boundary and no flow along the bottom boundary and sides of the column.
Constitutive relationships for compressibility and permeability (i.e. e-σ'v and k-e) were defined according to Townsend & McVay (1990) as:
(1) ( 2) where:
σv' = effective vertical stress in kPa. k = permeability in m/day.
The e-σ'v curve is also plotted in Figure 3 for the low stress level. It should be noted that for the present series of validation examples, it has been assumed that the deposition starts at σ'v = 0 and e = e0, as specified. That is, the initial state (before consolidation) does not fall on the e-σ'v curve formulated by Equation 1. When consolidation starts (with increase in σ'v), it follows an unloading-reloading line until it reaches the backbone e-σ'v curve when the stress is equal to the 'pre-consolidation pressure', σpc. The value of σpc varies with e0, and the slope of the unloading-reloading line is assumed to be five times of the tangent of the point on the e-σ'v curve with σ'v = σpc. Figure 3 illustrates the relationship between e0, σpc, the unloading-reloading line, and the e-σ'v curve.
The predicted results for this scenario are compared in Figure 2 
Scenario B
Scenario B of Townsend & McVay (1990) , as illustrated in Figure 4(a) , represents a more complex but realistic deposition and consolidation condition than Scenario A, with two main differences as follows:
• The pond in Scenario B is filled gradually in two stages. Each deposition stage lasts six months and is intervened by a six-month consolidation stage.
• For each filling stage, the same type of material (i.e. following the same e-σ' and k-e constitutive relationships as formulated by Equations 1 and 2) is deposited, but starting at different initial voids ratios (Figure 3) .
The prediction using the NGI model and other predictions in Townsend & McVay (1990) are compared in Figure 4 (b) to Figure 4(d) . Again, the good agreement of the NGI model with the majority of the predictions is positive. 
Scenario C
At face value, Scenario C is very similar to Scenario A, except the main difference is that it is capped with a uniform surcharge as shown in Figure 5(a) . However, because of this, the profile of the voids ratio and EPWP after one-year consolidation is very different from that of Scenario A (Figure 2 (c) versus Figure 5 (c); Figure 2 (d) versus Figure 5(d) ), which also demonstrates the subtleness in modelling this scenario. The relatively more rapid consolidation of the top material (due to short drainage path) makes the top layer denser (smaller void ratio, e) and therefore less permeable, which affects the consolidation of the underlying material within the pond.
NGI's modelling approach successfully captures this aspect, and again agrees excellently with the majority of the predictions. It may be worth noting that the corresponding figures presented in Townsend & McVay (1990) are not consistent with the results summarised in the corresponding table in that paper. These have been corrected in Figure 5 (b) to Figure 5(d) , based on data presented in the corresponding proceedings for the symposium (University of Florida 1987). 
Scenario D
Scenario D, as illustrated in Figure 6(a) , represents a quiescent consolidation of a non-uniform pond comprising four layers of materials, which follow the same backbone constitutive relationships as formulated by Equations 1 and 2 but start with different e0, as annotated in Figure 6(a) . The corresponding e-σ'v relationships for each layer are shown in Figure 3 . Different from Scenario C, the top is capped by a layer of sand/clay mix, with its properties being provided in Townsend & McVay (1990) . The challenges in modelling this scenario are caused by the different initial voids ratios and distinct material properties between the clay and the sand/clay mixture for capping. The sand/clay mixture has a much larger permeability and relatively low compressibility than that of the underlying clay. It is likely that due to these complexities, only four predictions of the pond height and three predictions of the voids ratio and EPWP profiles have been presented in Townsend & McVay (1990) , and are reproduced here in Figure 6 (b) to Figure 6(d) . On these figures, the prediction of the NGI model is also presented and again it compares well with the other predictions.
It is worth noting that for the top 0.8 m of the bottom layer, the value of σv' after one-year consolidation is less than σpc (Figure 3) . Therefore, its state is on the unloading-reloading line and has not reached the backbone e-σv' curve. Accordingly, the value of e is calculated according to the unloading-reloading line and less than e0 of 6.3. This explains the 'kink' present along the e profile after one-year consolidation (Figure 6(c) ). If Figure 6 (c) is examined in more detail, another minor 'kink' can be found in the layer above the bottom layer at just above 3 m, for the same reason.
Example -multi-dimensional modelling of tailings consolidation
A full-scale example is presented in the following sections to demonstrate the capability and performance of the developed modelling technique. For ease of interpretation of the modelling results, an axisymmetric model has been considered and the tailings is assumed to be discharged into the impoundment at a constant rate and to be evenly distributed over the entire surface of the impoundment. As mentioned in Section 2.2, typically tailings exhibit segregation in the deposition process, which can lead to spatial variability in the material properties. This effect is not considered in the present example, although the developed approach is fully portable to full 3D modelling by using FLAC3D (Itasca 2019) as the calculation platform.
Modelling details
In this example, an axisymmetric impoundment has been considered. The modelling procedure and discretised FLAC grid is shown in Figure 7 , where the FLAC grid represents a unit-radian sector of the actual system comprising tailings, wick drains, rock backfill and the boundary of the impoundment. It should be noted that the grid shown in Figure 7 is pre-designed before the analysis actually starts, so it does not show the deformed grid, which will occur with the analysis. The deformed grid is shown in the figures presented later.
Figure 7 Modelling procedure: layer-by-layer activation of FLAC grid to model gradual deposition and consolidation of tailings and rock backfilling, with inclusion of wick drains
The geometry of the impoundment modelled effectively is an inverted cone frustum. As annotated in Figure 7 , it has a base radius of 100 m, maximum tailings thickness of 70 m, and side slopes of 31˚. Rock has been backfilled on the top of the tailing as cap material.
Typical copper mine tailings material has been considered, which represents rapidly consolidating hard rock tailings typically encountered in mining practice (Tito 2015) . According to Tito (2015) , this material comprises approximately 60% fine-grained material (i.e. passing the No. 200 sieve) with D10 = 0.002 mm, and a specific gravity of 2.77. Dry density of the backfill rock is taken as 2.06 t/m 3 , assuming minimal volume change throughout the entire process (by adopting very high stiffness in the modelling). The water level is assumed to be flush with the tailing top, namely the rock remains dry all the time.
A constant tailings deposition rate of 2 Mt per month was assumed in the simulations. For each activated layer, the time required for consolidation can be calculated based on the volume of the layer. Backfilling of rock at the top of the tailing as a part of mine closure is modelled in a way similar to gradual deposition of tailings, except that for the first rock layer where the thickness is maintained at 1 m uniformly across the top, instead of maintaining a horizontal top surface (as mentioned in Section 3.3). About one year has been assumed for completing the rock backfilling, a half year after the wick drains were installed.
Wick drains are installed one year after the tailings deposition is completed. They extend from the top of the tailings to 30 m below the tailing surface (Figure 7) . The wick drains are modelled with zero EPWP boundary conditions (BCs) combined with an 'equivalent' permeability. As shown in Figure 7 , the grid is purposely designed for specifying zero EPWP BCs at the wick drain locations. The 'equivalent' permeability Informed mine closure by multi-dimensional modelling of tailings deposition and consolidation H Zhou et al.
has been estimated based on our experience and research findings in the public domain (e.g. Barron 1948; Hansbo 1981; Nguyen et al. 2018) .
Zero EPWPs are assumed along the base and wall of the impoundment, considering the fact that the base is connected to a decant pond to maintain the hydrostatic pressure, and the surrounding rock near the sidewall is permeable. A bonded interface is assumed between the tailings and sidewall and base of the impoundment, although any intermediate interface conditions (between smooth and rough) can be modelled if necessary.
Results and discussion
Some of the results are presented in the following sub-sections to demonstrate the performance of the modelling approach, and the information can be extracted from the model.
Overall results
The change in the elevation of tailings surface during deposition, rock backfilling and consolidation stages are shown in Figure 8 . Since a fully bonded interface has been assumed between the tailings and the side of the impoundment, as mentioned in Section 4.1, the elevation at the edge rises during deposition and remains unchanged during consolidation. In the middle, the surface drops gradually during consolidation, as expected.
Figure 8 Variation in the elevation of tailings surface during deposition, rock backfilling and consolidation
The reduction in the tailings volume from the end of deposition to end of consolidation is shown in Figure 9 , as well as the volumes of the water flowing to the top and to the side and bottom of the impoundment. At the earlier stage of consolidation, the rate of tailings settlement and water discharge is relatively fast due to higher permeability. Inclusion of wick drains speeds the water discharge from the top, while rock backfilling speeds water discharge both from the top and from the side and bottom of the impoundment. For this case, about 80% of the porewater is discharged from the top of the tailings. The comparison between the tailings volume actually being discharged into the impoundment and the geometric volume of the impoundment calculated based on the elevation of the tailings is shown in Figure 10 . Due to the consolidation occurring simultaneously with deposition, the actual capacity of the impoundment is significantly bigger than its geometric volume; and in this case, the ratio is about 1.6.
Figure 10 Comparison between deposited tailings volume and geometric volume
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4.2.2
Selected results at stages of deposition and consolidation
The variation of tailings voids ratio with different deposition and consolidation stages is plotted in Figure 11 , which illustrates the modelling process of the gradual deposition of the tailings and change in soil states. In the process, the voids ratio reduces gradually from the bottom of the impoundment. The wavy distribution of the voids ratio in Figure 11 (f) is due to the inclusion of wick drains, which speed up dissipation of EPWPs locally and hence reduce the voids ratio. The contour of EPWPs overlain by flow vectors is plotted in Figure 12 (a) and Figure 12(b) , respectively corresponding to the end of tailings deposition and the end of rock backfilling. In both figures, the highest EPWP occurs in the middle and below the wick drains since the bottom and side of the impoundment is assumed permeable. The wick drains are installed before rock backfilling and its effect can be seen in Figure 12 (b) from the flow vectors. These wick drains contribute considerably to the water flowing to the top of the tailings. In addition, as can be seen from Figure 12(a) , the flow vectors are longer in the middle and near the surface, since the EPWP gradient is greater and the material is looser compared with elsewhere. These two reasons explain why there is much more water flowing to the top than to the side and bottom (Figure 8(c) ). The distributions of dry density are shown in Figure 13 , calculated based on the voids ratio as shown in Figure 11 . 
Conclusion
Based on foregoing discussion, comparisons, and example modelling, the following conclusions can be reached:
• Modelling of full-scale tailings consolidation is often performed using 1D models or a variant of these models referred to as 'pseudo-3D'. To model the gradual deposition and large-strain consolidation of tailings using these approaches requires approximations, and in some cases these models are not capable of capturing key features of the processes involved.
• There is a need to develop full-scale multi-dimensional modelling approaches to improve the prediction of tailings consolidation. A better prediction of tailings consolidation can improve impoundment management and inform mine closure planning and management.
• The developed NGI modelling approach has shown to provide excellent predictions. Since all the key aspects can be modelled explicitly during the process, this approach is believed to perform at a consistently reliable level, regardless of the complexity of the problem.
• Since the modelling approach is built on commercial software, it is not only reliable and powerful but also highly portable.
There is also great potential in further extending the capability of the modelling approach. Further development is ongoing in order to maximise its functionality, such as prediction of the increase in tailings strength with consolidation, modelling drying and consolidation of tailings and simulation of tailings dam construction process to improve prediction of tailings dam stability.
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